We describe a method used to prove nonexistence of pairwise balanced designs. We determine the exact closure of all subsets K of the set f3; 4; : : : ; 22g with K \ f11; 12; : : : ; 22g 6 = ; and 3 2 K .
Obviously nonexistence of a (K 0 ; K)-expansible prestructure of order v implies nonexistence of a PBD v; K]. Particularly, if 3 occurs as block length then this is a good approach to prove nonexistence. In this paper we establish the exact closure of all subsets K of the set f3; 4; : : : ; 22g. The existence or nonexistence of a PBD v; K] is determined for all v if K\f11; 12; : : : ; 22g 6 = ; and 3 2 K. There is no case in doubt. Used construction methods are brie y described.
2 General necessary conditions Let = (V; B) be a pairwise balanced design and let k 1 ; k 2 ; : : :; k n denote the block sizes occurring in . We say that~ = ( 1 ; 2 ; : : :; n ) is the block type of if i counts the number of blocks of size k i , i = 1; 2; : : : ; n. For The proof is done by counting the pairs of points in two ways.
Consider now a point x 2 V and let i count the number of blocks through x with length k i , i = 1; 2; : : : ; n. We call the vector~ = ( 1 ; 2 ; : : :; n ) the point type of x in . If we want to refer to the point x we write~ (x). Now The proof is by double counting the pairs of elements of V which contain the point x.
If we know that there is a block B of a certain length k in then we can often restrict the possible point types for points not on B by the following lemma, see 4]. Lemma 2.3 Let B be a block of length k in and let~ be the point type of a point x 2 V n B. Then the following inequality holds: (2) is true. Equation (3) follows from counting the points on blocks with block length in K 0 in two di erent ways. By Lemma 2.4 and
we have inequality (4).
u t Example: We get a PBD 10; f3; 4g] by adjoining a new point to every block of a parallel class of the unique 2 ? (9; 3; 1) block design. This pairwise balanced design has block type~ = (9; 3) and f4g-prestructure typex = (0; 9; 0; 1). The vector (~ ;x) satis es all conditions in (S).
Remark 3.1 In order to prove nonexistence of a pairwise balanced design of order v we have to show that there exists a subset K 0 of K such that there is no integer solution of system (S), this means there is no (K 0 ; K)-expansible prestructure .
From now on we always assume that v 6 2 B(K 0 ) if K 0 K, since B(K 0 ) B(K). In the next section we concentrate on a special case of the subset K 0 .
Prestructures with all blocks of even size
Theorem 2 Let v be a positive integer and K be a set of positive integers.
Further let min = maxfk 2 K j k v ? 1 (mod 2)g + (v (mod 2)) :
If the subset K 0 contains all even elements of K then the new system (S1) has an integer solution (~ ;x) if a PBD v; K] exists.
K 0 min (6) i 1 i = 1; 2; : : : ; n (7) Proof: We know that there is a solution (~ ;x) of system (S). Hence equation (1), (2), (3) Remark 3.2 We call system (S1) without equation (1) system (S1').
How can we easily check whether a solution exists or not? For the sake of brevity we write K 0 instead of We now have to prove thatx holds also inequality (4). It is easy to verify thatx and j are the unique vector and number respectively which satisfy:
(i) j 2 f1; 2; : : : ; mg, j v ? 1(mod 2), (ii) x j > 0, x j +2 0, x j = 0 8j j j 6 = j ; j 6 = j + 2, (2), (3) and (5) hence (~ ;x 1 ) is solution of (S1). We determine j ? and j + ofx 1 and (pairwise distinct) solution vectorsx 2 ;x 3 ; : : :. After nite many steps we receivex t which has at most two components unequal 0, which are consecutive andx t is solution of (S1). Hencex t =x which completes the proof. (1) is true by the de nition of~ . Equations (2), (3) On the other hand (~ ;x ) is not a solution of (S1'). Since (2) , (3), (5), (6) and (7) Clearly (~ 0 ;x 00 ) is an integer solution of (S1').
u t Corollary 3.6 Let v 0 be an odd integer and K 0 be the subset of K which contains all even elements. If there exists no integer solution of (S1') then there exists no integer solution for all odd v v 0 and therefore there is no PBD v; K] for all odd v v 0 if v 6 2 B(K) for all K K. Example: Let K = f3; 8g. We have no solution of (S1') where v = 35 and K 0 = f8g. It is well know that v 6 2 B(f3g) if v 5(mod 6) and hence v 6 2 B(f3; 8g) for all v 5(mod 6) with v 35. Remark 3.5 Assume that v v 0 (mod 6) and K contains 3. Then we can replace (S1') by (S1) in Lemma 3.5 and Corollary 3.6. Since (~ 00 ;x 00 ) is solution of (S1), with~ 00 is de ned for i = 1; 2; : : : ; n as 
Adding blocks of odd length to the prestructure
In this subsection we assume that we have both, blocks of odd and even length. Let v be a positive even integer and k be the greatest odd block size of K. To make sure that we can include a block of size k into a prestructure whose prestructure type we derived in (S1) we establish the following claim. 
to obtain system ( f S1). For easy proving that there exists a solution of ( f S1) or not, we replace v byṽ and Then there exists no solution of ( f S1) with block size set H = K flg and k < l; k l(mod 6).
Proof: Assume the existence of a solution of ( f S1) with block size set H. Obviously K 0 = H 0 and we thus have a solution of ( g S1 0 ) with block size set K, sincex(l) x(k). Block length 3 establish that we can hold equation (1) . Therefore the existence of a solution of ( f S1) with block size set K is proved, a contradiction. u t
Unexpansible prestructures
In this section we consider solution vectors which lead to partial pairwise balanced designs but not to an expansible prestructure.
Example: Let u t Example: Let K = f3; 11; 16g and v = 140. There is no solution of ( f S1) with K 0 12 or K 0 = 11 and x j > 0 for some j > 3. Then there is a unique solution (x; y; 11; 0; 122; 0; 18; 0; 0; 0) which satis es equation (4) 
The Hill-climbing algorithm
From now on we consider only sets K which include 3. In order to start recursive constructions we need PBDs of small order as \ingredients". This ingredients are produced by Hill-climbing which is a very successful random algorithm for constructing combinatorial designs with block length 3. For an introduction to the Hill-climbing method see 6] and 3].
Given an expansible prestructure we used the Hill-climbing approach to complete the missing blocks of length 3. We applied a variation of the Hillclimbing algorithm rst described in 4].
Let P = (V ,F) be a (K 0 ; K)-expansible prestructure . De ne the set F of forbidden pairs as F = ffx; yg j 9B 2 F such that fx; yg 2 Bg. We search for a decomposition of G = K v n F into triangles. Let T denote the set of triangles we have found so far. Starting with input v and F, the algorithm works as follows:
Step 0 T := ;; G = K v n F
Step 
Determining an expansible prestructure
The more intersections between blocks of length unequal 3, the more complicated the prestructure becomes. We used the following approach to determine a (K 0 ; K)-expansible prestructure . First we computed the (K 0 ; K 0 )-optimal solution of ( f S1) with K 0 as small as possible, say (~ ;x ). This gave us information about the number of blocks of each length and about intersections between these blocks.
Suppose we have a partial pairwise balanced design with all blocks of even length, whose prestructure type isx . Let us now regard points to be blocks and blocks to be points, this means that we transpose the incidence matrix.
We obtain a PPBD K 0 ; H], say , where H = fj j x j > 0g. In particular, there are exactly x j blocks of length j. Adding blocks of odd length is easy, with a few exceptions. We use particularly points which lie on only one or no block of size from K 0 .
Example: Let us return to our rst example, v = 10 and K = f3; 4g. The optimal solution is: (9; 3; 0; 9; 0; 1). We search for a PPBD 3; f1; 3g] on the point set fa; b; cg with 9 blocks of size one and 1 block of size 3. Here is one: We used a program written in C to verify whether a solution of (S1) exists or not. If a solution exists then the program tries to nd a recursive construction or a suitable prestructure to construct the PBD. Otherwise it is checked by the program or by hand that no solution leads to an expansible prestructure.
Theorem 5 Let K be a set of positive integers containing 3 and a positive even integer. Let K be a subset of N 0;1(3) and maxK 22. Then we have exactly one of the following three cases: (i) There is no solution of system (S1).
(ii) Every solution of system (S1) is forbidden by a proposition given in subsection 3.3.
(iii) There exists a PBD v; K].
5.3
The closure of sets containing 3 and an even integer and not all elements lie in N 0;1(3)
Lemma 5.2 32 6 2 B(f3; 6; 11g). Proof: Since 32 6 2 B(f3; 6g) we have at least one block of length 11, say B. Points from V n B are all of type 3 8 6 3 or 3 13 6 1 and therefore B is the unique block of size 11. We know by Proposition 3.10 that m 0 = 3 and hence K 0 16, together with example to Theorem 3 we obtain K 0 = 11 or K 0 = 12 with unique solutions (92; 11; 1; 0; 15; 0; 17), (87; 12; 1; 0; 12; 0; 20), respectively. Exactly 88 = 8 11 blocks of length 3 intersect B, hence K 0 = 12 is not possible. If K 0 = 11 then we have four 3-blocks which do not intersect B. Moreover every point on these four blocks is of type 3 13 6 1 , since every block which contains a point of type 3 8 6 3 has a point in common with B. But four blocks of length 3 cover at least 3 + 2 + 1 = 6 points, contradicting that there are exactly 15 ? 11 = 4 points of type 3 13 
